In this paper, we put forward a ratio-based compatibility degree between any two ]0,1[-valued interval numbers to measure how proximate they approach to each other. A compatibility measurement is presented to evaluate the compatibility degree between a pair of ]0,1[-valued interval fuzzy preference relations (IFPRs). By employing the geometric mean, a measurement formula is proposed to calculate how close one interval fuzzy preference relation is to all the other interval fuzzy preference relations in a group. We devise an induced interval fuzzy ordered weighted geometric (IIFOWG) operator to aggregate ]0,1[-valued interval numbers, and apply the induced interval fuzzy ordered weighted geometric operator to fuse interval fuzzy preference relations into a collective one. Based on the compatibility measurement between two interval fuzzy preference relations, a notion of acceptable consensus of interval fuzzy preference relations is introduced to check the consensus level between an individual interval fuzzy preference relation and a collective interval fuzzy preference relation, and a novel procedure is developed to handle group decision-making problems with interval fuzzy preference relations. A numerical example with respect to the evaluation of e-commerce websites is provided to illustrate the proposed procedure.
Introduction
In group decision making, preference relations such as multiplicative preference relations 1 and fuzzy preference relations (FPRs) 2 are common tools for decision makers to express their opinions over alternatives or criteria. However, when dealing with complicated matters, as a decision maker may not have a good knowledge of the problem domain, he/she could not express his/her judgments with crisp numbers but is able to provide interval-valued judgments. For this reason, interval fuzzy preference relations (IFPRs) [3] [4] [5] have been used to express decision makers' judgments with vagueness and uncertainty, [6] [7] [8] [9] and extensively applied in solving group decision-making problems. [10] [11] [12] The compatibility measurement of preference relations is a critical issue for the consensus reaching of group decision making. Herrera-Viedma et al. 13 developed a compatibility measurement for FPRs. Alonso et al. 14 used this compatibility measurement to establish a support system for group consensus decision making with incomplete FPRs. Xu et al. 15 defined an individual to group consensus index (ICI) for evaluating the deviation between an individual FPR and a collective FPR. Also, they introduced a group consensus index to measure the overall consensus of the group and identify if the iterative procedure of the improving consensus should terminate. By making use of the Euclidean distance measurement and the weighted averaging operator, Xu 16 developed a consensus method for solving group decision making with interval intuitionistic preference relations. Xu 3 defined the compatibility degree of two interval fuzzy numbers, and introduced the concept of compatibility degree of two IFPRs to measure how close an IFPR is to the leading one. It is clear that the aforesaid compatibility measurement methods are based on the deviation between two preference relations. In this paper, we introduce the indifference ratio between two ]0,1[-valued interval numbers to measure the compatibility degree for IFPRs. A method is proposed to determine the geometric averaging compatibility degree of an IFPR to all the other IFPRs in a group. Aggregation of preference relations is another critical issue for solving group decision-making problems. Some aggregation operators have been developed and utilized in group decision making, such as the induced ordered weighted averaging (IOWA) operator proposed by Yager and Filev 17 and the induced ordered weighted geometric (IOWG) operator presented by Chiclana et al., 18 which are the generalized form of the ordered weighted averaging (OWA) operator 19 and the ordered weighted geometric (OWG) operator. 20 The IOWA operator employs the arithmetic mean to synthesize preference information, and the IOWG operator is based on the geometric mean. Based on the IOWA operator, Chiclana et al. 21 introduced three operators whose order inducing variables are the importance of the decision information, the consistency of the decision information, and the preference of the decision information, respectively. Bottom on the IOWG operator, Zhou et al. 22 established several aggregation operators to deal with group decisionmaking problems with linguistic preference relations. Liu et al. 23 developed a generalized operator to aggregate interval multiplicative reciprocal matrices on the basis of consistency. This paper extends the IOWG operator to devise an induced interval fuzzy ordered weighted geometric (IIFOWG) operator for aggregating individual IFPRs into a group IFPR. By using the developed compatibility measurement for IFPRs, we introduce a notion of acceptable consensus of IFPRs to check whether an individual IFPR reaches the consensus level. A six-step procedure is then put forward to solve group decision-making problems with IFPRs.
The remaining parts are set out as follows. The next section reviews some basic concepts with regard to the FPR, IFPR, and the IOWG operator. Ratio-based compatibility measurements are introduced to respectively compute the compatibility degree of two interval fuzzy numbers, and the compatibility degree of two ]0,1[-valued IFPRs. Besides, the IIFOWG operator is developed in Section 'Compatibility measurements and aggregation of ]0,1[-valued IFPRs'. Section 'Group decision making with IFPRs' proposes a notion of acceptable consensus of IFPRs and presents a six-step procedure. Then, the next section gives a practical example about the evaluation of e-commerce websites to illustrate the proposed models. In the end, conclusions are drawn.
Preliminaries
Consider a multi-criteria decision-making problem with an alternative set X ¼ fx 1 , x 2 , . . . , x n g, where x i ði ¼ 1, 2, . . . , nÞ represents the i th alternative. A decision maker compares each pair of alternatives in X and provides his/her opinions of one alternative over others with an FPR defined below.
Definition 1.
2 An FPR on the set X is characterized by an additively reciprocal relation R ¼ ðr ij Þ nÂn with
where r ij stands for the preference of x i over x j .
From the ratio viewpoint, r ij is given on the bipolar]0,1[scale, and r ij =r ji is referred to as the ratio of preference intensity for x i to x j . If r ij ¼ 0:5, one has r ij =r ji ¼ 1, meaning that there is no difference between x i and x j . If 0:5 5 r ij 5 1, then r ij =r ji 4 1, showing that x i is preferred to x j with a ratio r ij =r ji . If 0 5 r ij 5 0:5, then r ij =r ji 5 1, indicating that x i is inferior to x j with a ratio r ij =r ji .
All judgments in an FPR are crisp values. However, sometimes, it is hard for decision makers to provide crisp judgments due to the complexity of real-world decision problems. To better model and structure decision makers' preferences with vagueness and uncertainty, Xu 3 introduced the notion of IFPRs below.
Definition 2.
3 An IFPR on the set X is defined by an interval additively reciprocal relation
where 
Based on interval arithmetic, the additive reciprocity of r
can be considered as an interval ratio of the preference intensity for x i to x j . With the development of the social economy, the process of making a decision is generally concerned with a cluster of decision makers. Thus, aggregating single opinions into a collective one is essential. A lot of aggregation operators have been developed by many researchers. Chiclana et al. 18 proposed the IOWG operator as follows.
Definition 3.
18 Let < þ be the positive real line, then an IOWG operator of dimension m is a mapping
Compatibility measurements and aggregation of ]0,1[-valued IFPRs
This section puts forward a ratio-based formula to measure the compatibility degree between a pair of ]0,1[-valued interval numbers, and introduces a notion of ratio-based compatibility for IFPRs. Additionally, a new aggregation operator for synthesizing IFPRs is presented.
Compatibility measurements
2 be a pair of ]0,1[-valued interval numbers, then the compatibility degree between r 1 and r 2 is defined as
Obviously, 0 3 where the compatibility measurement is defined by the average distance of endpoints of two intervals.
the compatibility degree between R 1 and R 2 . Evidently, the greater the value of CD r R 1 , R 2 À Á , the better the compatibility of R 1 and R 2 . It should be noted that Definition 5 differs from the compatibility degree defined by Xu, 3 which is established based on the sum of absolute deviation between all intervals in the two IFPRs.
By equation (5), properties of the compatibility degree CD r R 1 , R 2 À Á are directly obtained as follows.
Property (1) indicates that the compatibility degree 
is independent of the order of the indices i, j.
Based on property (2), one can directly obtain the following result. 
Proof. As per equation (5) and the additive reciprocity of IFPRs, we have To obtain a rational result in group decision making, considering the compatibility between one IFPR and all the others is required. In what follows, by combining Definition 5 and the geometric averaging operator, we establish a formula to compute the geometric average compatibility degree of a ]0,1[-valued IFPR.
, . . . , n, then the geometric average compatibility degree of the lth IFPR R l is defined as
It is obvious that 0 5 GACDð
In other words, all IFPRs are identical. What's more, the larger the value of GACDð R l Þ, the more proximate R l to the others.
Aggregation of ]0,1[-valued IFPRs
In many group decision situations, a result is generally made by a cluster of decision makers. 
Next, we propose an aggregation method bottom on the and-like representable cross ratio uninorm. 24 Definition 7. An IIFOWG operator of dimension m is an aggregation function U : 
It is easy to prove the following corollary. 
is an additively reciprocal IFPR.
Proof. According to equation (8) and Definition 2, we have As per Definition 2, R c is an additively reciprocal IFPR.
In our group decision-making context, the order inducing values should be determined in the process of group decision making. Since the GACD of each individual IFPR reflects the compatibility degree of each IFPR to all the other IFPRs in a group, we take the GACD of IFPRs as order inducing variables, and introduce a geometric averaging compatibility degreebased IIFOWG (GACD-IIFOWG) operator as follows. 
Obviously, this proposed GACD-IIFOWG operator is an IIFOWG operator whose order inducing values are the geometric average compatibility degree of individual IFPRs GACDð R l Þðl ¼ 1, 2, . . . , mÞ.
Group decision making with IFPRs
Based on the compatibility measurement between two IFPRs, this section puts forward a method for measuring the consensus degree between an individual IFPR and an aggregated one. Also, a procedure for tackling group decision-making problems with IFPRs is presented. where R l is an IFPR given by the lth decision maker in a group.
It is obvious that the larger the value of C R l , R G À Á is, the closer R l is to R G , such that the decision maker d l has a better consensus with the group.
In the perspective of the value of C R l , R G À Á , we provide two definitions as follows.
Þ nÂn is of perfect consensus with the collective IFPR R G ¼ ð r G ij Þ nÂn . Indeed, due to the complexity of real-world decision environment and the diverse preferences of decision makers, it is always difficult to reach a full and unanimous agreement. To make it easier and faster to deal with real decision problems, the following definition is introduced.
where is the threshold value of acceptable consensus. On one hand, since it is hardly possible for a crowd of decision makers to reach a full agreement, we impose the restriction: 5 1; On the other hand, mostly when no less than 50% decision makers approve of the decision-making output, it is always deemed as an acceptable result, thus the restriction: ! 0:5 is proposed. Conclusively, 2 ½0:5, 1Þ is taken into account in realistic applications, and the closer to 1, the more accredited the decision result.
Based on the above measurements, now we develop a systematical procedure to deal with group decisionmaking problems with IFPRs.
Step 1: For a group decision-making problem, let X ¼ fx 1 , x 2 , . . . , x n g be a finite set of alternatives, and D ¼ fd 1 , d 2 , . . . , d m g be a fixed set of decision makers whose importance weights are given by a weighting
. . , mÞ compares each pair of alternatives and constructs an IFPR
Step 2: Utilize equation (5) to calculate compatibility degrees between each pair of individual IFPRs, then apply equation (6) to figure out the geometric average compatibility degree of each IFPR, which determines the sequence of IFPRs.
Step 3: Employ the GACD-IIFOWG operator to fuse all individual IFPRs into a collective IFPR, then calculate the consensus degree
. . , mÞ between an IFPR and the collective IFPR through equation (14) .
Step 4: Predefine the value of the threshold , and check whether or not all 
. . , mÞ or the proceeding must stop on account that the repetition time beyond the restriction set up by the group. Finally, output the reconstructed collective IFPR.
Step 5: Plug the collective IFPR exported from Step 4 into the goal programming model (4.13) in Xu 3 to obtain the relative weights of alternatives
Step 6: Apply the following formula introduced in Wang et al., 25 to compute the possibility of i ! j and then rank the alternatives.
A practical example
With the rapid development of the commercialization of the Internet, the e-commerce website gradually becomes the entry by which enterprises attach to the virtual world of the Internet. When a traditional company first marches towards the area of e-commerce, to set up a new website and operate it well in a short time is neither easy nor inexpensive. Participating in a reliable website that has already been managed successfully may be a good choice for this traditional company. However, there are not a few e-commerce websites. Thus, the selection of a suitable and available website becomes an inevitable decision-making problem. Here, we give a simplified estimation process by making application of our procedure. For the sake of tractability, it is presumed that a committee of four managers By utilizing equation (5), the compatibility degrees between each two IFPRs are calculated as follows
then GACDs of each individual IFPR are computed by equation ( cross ratio uninorm. Based on the compatibility measurement between two IFPRs, we put forward a notion of acceptable consensus of IFPRs. Besides, an iterative consensus achieving procedure for tackling group decision-making problems with IFPRs is developed. Finally, a numerical example concerning the estimation of e-commerce websites is furnished to demonstrate the effectiveness of our proposed measures.
In the future, we will concentrate on consensus measures for group decision-making problems with IFPRs based on multiplicative consistency.
